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� *�,����� -�
���
 '.)� �
	����� 	�� #��
��	�����	�$ ��������
��
����� ����
�� � � !�
������
 ��������	�� �� ��� 
�� ��		
�� �� 	�� ./01� �� 2
��	 ��� ��

������� ��� �����
'3)� 4� �������� 	�� ��

�
��� ������
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� � > ' � �� �� )� Æ �
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���� 	��	 ��� �Æ Æ ����� > � �� 5 � � � �������� ���� �����

Æ > ��� ������� ����� ��
Æ Æ ��Æ > �Æ Æ �Æ

�� 5 �� � ������� � 5 � � � �������� ���� � ���� ��Æ����� > ����� �� 5 � � � �� ��� � ���� ��Æ�Æ >
�� ���� �� Æ ��Æ Æ � ���� �� �� 5 � � � ������� � 5 � � � �� �* !�����	��+�� ����� �� �����	��

�
"��	 � ����	�� ���� � 	� ��������� ��	 �	 �� ���� ���������	 	� ��� �� #���������$ �<����
��	
��	��� ������

@���� ��
 ��� !�����	��+�� ����� �� �� ����Æ� �� ��� ��	����� �� ����� ����� ��� ���������	
�� ���� � ��������
����� ���� 
�� 
�	� 
� ���� 	� ����� ��"��	 �� 
� �
�� ����� ��� ����� ��"��	
�� � ���!���� �� 5 �� �� ��%��� �� �� > 
� Æ �

�
����� ���� ��� ����� ���!���� � 5 �� ���

� ���!���� ��� 5 � ���� ��� � �� ��%��� �� ��� > 
� Æ �
��
� Æ ��Æ� �� 	��	 ���� > 
�� 4�

������ 	� ��� 	��	 ��� 
� �� ����	�	�	������������� ��� ��� ����� � 5 � � ��� 	���� �� � ���<��
	 5 ��� ��� ����	�� ��� ���� 	��	

� ���� ���
���� ��

� ����	�

��

��

	

��
� ���� ���

�
� �� ��

D
���
�� 	�� !������� ��%��	��� ��� 	�� �!����
 ���� � ������ > ���� �� �� ���	���� �� 	��� ��

���� ������
 ��%��	���� 6�	� !
�����	
�� �����	���� 
� �	�	�� ��� 	�� �!����
 �����!	 ������
�+���
&�������� 	�� !����� ������ ���!
��� ����� 	�� !������� �� � !�����	��+�� ����� �	���	��� �� � �

�� ���� ���������
�� ��	 !����� ���� ��� ���� ����� 
�	���	 ��	������

� ��� 
�� �� !
������ ��� 
� ���
��� �� ��� ���� �� �"
���
�# �� � ����"��� ���� 
��!
�
�� ���!$ ��
��%�
�
��� ��� �����������

10



B���	
� ��� �������	
�� �� ��� 
� �� ����	�	�	������������� 	��� ��� ����� �� � ������ B��	���� ��
	�� ���	��
 � ��������
����� � ��	� ��� ����� �� 	��� ��� 
� ��%��� �� ���� 
��
> ���� �������� ��� ������� �� ����	�	�	������������� 
�	� �� ����	���	��� ��� ��� ����� ���!����
� 5 � � ��� �� 	�� �	���	��� � 	������ �� 	�� � ��������
����� ���� ����� �� 	�� %��
 � �������
���
����� � ��	� ��� ����� �� 	��� ��� 
� ��%��� �� ���� 
�� > �
�� �������� �����

� ������� ��

����	�	�	������������� 
�	� �� �<��
 ��� ��� � 5 �� �� 	� 	�� !����	��� ����������� � 	������ ��
	�� � ������ �������
�����

���� �� ���� ��������� Æ 

��
� Æ ��Æ Æ � ���� ��������� Æ 


��
� �

���� %��

�� 	�� ����
	��� ����� ��� ����� �� #�	���	���$ ��� �

 ���!����� � 5 � � � �� � ��

���� ���	�� �� 	�� ��������
 
��

� > ����� Æ ������� Æ �

	������ ���� ���!���� � 5 �� � ���� � ������� 
�	� ?� ����	���	��
� �� 	�� ���	���	��� � 	������
�� 	�� � ����������
�����

�� ������ '�� ����� ����� )
Æ Æ 
��

����

���
����

.� �� � ��� %��	� ��!�����	�� 	��� 	�� !�����	��+�� ����� �	���	��� �� � � ����� �� � ������ >
� � �� 
���� � 5 � � � ���
�� � ����� �	���	��� �� � ����� �� �� > ��� � ���
��� �� > 
�� ����� ������� 	��	 �� �� 	�� ��"��	 �� 
�

������� ���!� ����
�

�������
��	���� ���� ���

3� �� � �� ���	����� �
����� 	��� 	�� !�����	��+�� ����� �	���	��� �� � � ����� �� � ������ >
�� � � 
���� � 5 ��� � � ���
�� � ����� �	���	��� �� � ����� �� �� > ���� � ��
��� �� > 
��� � ��� �� 	�� �!����
 ���� �� > � � � 
���� � �� � ����"��	� �� ��
	�� �����	��� ���!� �������	��� ��"��	 �� ��!������	���� ���� � 	� � �� 	�� ����� �� 7��	�,��
8��������� ��� 9��
���,� ':)�

:� �� � ��� %��	� !�����	�� 	��� 	�� !�����	��+�� ����� �	���	��� �� � � ����� �� � ������ >
� � ����� 
���� � 5 � � ������ ���
�� � ����� �	���	��� �� � ����� �� �� >
��� � ������ ��� �� > 
�� � ������� �� � ��� �%��	�� 
��	 ��"��	�� 	���� �� 	�� �!��
���
 ���� �� > �	�
��� ���� � ���
����� �� �� 	�� ��"��	 �� 
�

������� ���!� ����
�

�������
��
���

�� %��	�
� ��������� 	����� 
���� ���� ����� �� 	�����	 �� �� 6E��� 	���� ������!����
��� 	� 
������	���� 
�	���	 
������ �!���
� �!!
���	��� 	������ ��� ����	�	�	��� �!���	���
��
������ �� ��� ����	���	��� ������ 
�	� ����	�	�	��� �� ��%��� ��� 6E��� 	�����

��������
��
���� ���� 
��� 
�� ���� ������ 	�� ��	���F� !��	���	���
 
���� 	� ����� �� &�����
6����� ��� 
�� ��!!��	�� �� 	�� 9��	������ B�����	��� ��� A������ ��� ������
��� ����� ����	
G�� 9;*H�A HH�IDI22�I.(.03I/J ��� 	�� 2�	����� A������ B�����	��� ����� ����	 G�� (.KK�
L� �� �
�� ���	���
 	� @�������	����

�� #8���� �� ��� �������	��$ ��� �� ����	�	��� 	� 8&�
&E������� 
���� �� ��� 	�� �!!��	���	� 	� %��	 !�����	 �	 �	 	���� D�

�<���� �� M��� 3113�

����������

�� &� ��'��� (� ��)����� ��� (� *���

�� � ����#�
��
� �
�" �� 
�%�
�� ����� ��� 
�����
��� �� �� ������
�
�
+� ,��
��� ��� �� +�������
� ����� ����� �� ��	 
��	� �
 ����������� ���	��� �
 �������� ����
���
������� � �
�!�� "��� #���$� ���� --.�/ �� %������ &���� �
 '	���� �������� ����
��� �����
��� �00��

�� �� �� ��#��� 1� ,� 2����� ��� 3� �
������ 4� ��� ��#�
��
� ���!��!�� �� ������ ������ (���
�� ��
�������� �
� �)���� ����
���� ��.5/65��7588� �89��

5� 1� :���
)�� (� ,�!���
!�	� ��� ;� &�����
)�� ����#��
�� �� $�������� ���
���� 
� %��� ����#�
���� ��
<� =������ ��� +� +
�!���� ����� ����� �� ��	 *
�� ��
�� �
 +��
�����
� �� ����,��� ����
�� �
�
����������
 ����������� +��������� � �
�!�� "��� #���$� ���� �050 �� -������ &���� �
 ��������
����
��� $$� 50575�9� 1$�
�#���*����#� �00��

-� ,� 1� +���� &�������
� �����!��
��� '	��������� �������� ����
��� ��0.�7�/6�587��5� �00��

11



������ ����	
	���� 
����	����
�����
��� ���������

���� ����	�


���	�	
� ��������

���������� ��

����������	�
�����


����� ������

���������� 	
 ���������

���������� 	
 � �� 
����������

��� 
����������� !���������


������������	����������

��������

��������� 	
 ���� �
������ ���� ���������� ������������
�� ������� � �������������� �� ��� ������ �� ����� �� �
��
������ ����������� ���������� ��� �� �����
 ��������� ��
���
� ����������� �� ���� ����� �� � ���
� �������
� �����
������� ��� ����������� ������������ � ���������� ������� ��
 ������� ���  
�����

� 	
����
����


������ ���� ���������� ���� �������� ������� 	
 �����
!"#$ �� � ����������� ������ �� ������������ ��������� ���
���� 	����� � ������� �	��������� ��� ������� ������ ����
������ �����������
 ��� �
�������� ��� ����������� �����
�%���� �� &����' ���������� ����������� ��������� ���� ��
 ������ !()� "*$� +���� ��� ,�	����� ��	��������
 ������
����� ���������	
 �	��
����� �� � �������������� �� �����'�
������������� ������ !("$� ������  ����� ��������� 	������
����� ��� ��� ���������� ����������� �	��������� !"($�
-��� ���� �� ������ �� ���������� ����������� ����

�� ���� ��� � ���� �� ��������� �������� �� ������������ ���
������ ���������
� ��� ��������� &���
 ����� ����� ���� ���
������'� ��� �
������ ���  ������ +������ ��.��� ��� /������
����
 �����������0 �� ��� �� ������ ���� �����������
� ���
��������
 ������������������ ��� �����1�����������������
������������� 2���� ���� �������� ���� ���
�������
���������

����� �� 	
 �� �� 

 �� �� 

����� �� 	
 �� �� 

 �� �� 


����� ����� ������������ �� 	� ����������
 ��.��� �� �����
�� ��� ������ ���
 �������� ��� �
������ ��� ��������� ����
���� ���� ������ �� �
���� � ������� �
���� �����������
����� ��� �� 3��� !"$ �� ��� ���� �� ������%������ ��������
������ ����
����� �������� � ���� �� ����� ����
 ���� ��
��� �������� ��� 	��� �������� 	
 ��� ������� �� ��� ���
������� 4� ���� ���� �� � ������ ���� ���� ��� ����� ��� ������
��� ���� ���� �� �� ���������� ��5�

��� ������ 	�
� 
��
 ����� ���� 	�
 �������� ��
��
� 
�� ������
�� ���� �������� �������� 
�� ����� ��

��	 ����� �����	 
�� �����

����� 
�� ���� ����� �� � ��

�� ��	���� �
 �� ��� ���
����� �����
����
� �	�����	� �
�
� �	�
����

���� 
���� � �	 
�� ���
 ��	� �������� ��� �! ��

��	 ��
���	� 
�� 
��
���� ��	
�� ���"���!� 
����� ��� ��
����� ��

�� ������
� �	� ��

��	
��
���	� ��� �� ��
���
� �
���
� ��
���
 
�� 
���� 
�� 
�	�
��	 �����
��������

�
�
 ���� 
 � ��
� 
 � ��
��� 	���� 

 	���� 



� �� ���� ��� �� ��� �� �� 	�������� ���

� 	��
� �
 � � �� ����� �

������ 	�� ��
� �

� 	��
��� �� � 
 � �

�� 	�����
 !� � �� �
	� �� 
 !� � � �
������ 	��� �� � � ��
��� �� � 


����
����� �� ���� ��� �� �� 	���� ���� ���

�� � �" 
�#����� �� 
�� �
�� �� ��� ��"��� �� �
����
����� � � ����� 	$ %	���
 �� � � �


6� ������� /������ ����� �������� ���������0 �
������
�������� ��������� ��� ���� �� � .�������� ���� -����������
�������� �� � �����
 ��� ������ 7�� ����� ��������� �����
������������ ������������ ����� � ����� � ����� �� ��
�������� �� � �
�� ����� ��������� ���� ����

��
"" &��
� � �� '�
�&��
� � (����

���� �� 	���� ���
 �� � ���
���)�� �� ��� �� � 	�������

���� �� ��� �� � 	


2�� ��������� �� ���� 
���� ����� ��� �������� ��� �������
� ����������� ����� .��� � ���� ���� ���� �� ��� ����� .���
�� ���� ����� ��� �������� ��� ������� ��� /�������
 ��������0
������� �� ��� ��������� ����� ���)�� ����� �� ������� ���
����� ��� ������� ��� �������� �� ���� ���� ����� ������ ����
����� � ���������� ������� �� ������	�� ��� ������ ������������
-���� ��� ������ �� ��� �	� ��� ��� �� ����� ��� 	� ���� ��
��� ��������� �� ����� ������ �� ��� �������� �������� �����
	���� ���� ���������� ���� �� ����� �� ��� ����� ���� ��
��� �������� �� ��� ������������ ��� ������ �
���� ����������
/��� �
������ �������� ��� ��������� ���������08 6� ��� ���
����� ������ �
���� ���������� ��� ������� 	
 ���������� �����
���������� ����
 ������ ��� ���� &�
��� ��� ����' 	
 �����
������� ����� ����
 ������ ���� ��� ��������� �������� 	

��� ����������  ���� �� ����� 9��� ������� ����������� ���
���� ����������

"���
� �� ��� �� ��� �� � 	

"����� �� ��� �� ��� �� � 	


��� ��� ����� �� ������ �
�����  ������� �� ��� �����������
�������� ������ ���� ��� ������� ����������� ����������� 	��
���
 ������� �
���� ����� ������������ ����������� ���� ������
���������� ���������� �� ��� ����� 	����� �� �	���������
	������� 7�� �������� �� �� ��� � ��������� ��������� �� ���
�����

12



���� �� 	
 �� � 

 �� � 


���� � ��.������ ���� ���� ��� ��������� ���� ������� � ����
������� �
���� ���� /��� ������� ��� ��������� �� 	��� �����05

����(��*��� �� � 	�������

����(��*��� � ���� 	$%	��*
��

�� + �, !� 
����	��*

*, !� 
����	 ��

������ 	�,�*,


-


7	����� ���� �������� ��� ����������� �� ����������
 ���
.���� �� ������ ���
 ������� ��� ��� ���������� ������%����
�����
���
 �� ��� ���� ���� �� ���� ���� �� ��������� ���� ���

:����� �� ��� �������� �
�����5 ���
 ������� ������������
����� ������ �
���� ���������� ��� ����� ��� �������
� �����
�� �������� �� �����������
 �� �������� �� ��� �	9���� �� ���
��������� �� �����.����� 6� ����������� �
����� ������ ��
���� �� �����  ������ �� ����� ��������� ;���
 �������� ��
	��� <��� !($ ���  ��� !"=$ �����.�� �������� �� � �������
��
��� ������������� ��� ����� ��%������
 ��� ��%����� ���
���������� /���� ���������� ��� �������� ���������� � �������
�� ����������� ���� � ������� ������0� �
���� �������� /����
����� ���� ����	���0 ���� ��.��� �� ����������
 ��� ��
��
���� �� ��.�� ����(��*��� �	���� <��� ��� ����� ���

���� ���� ��
��� �� ���� 	������ �� �� �
����������
 ���������

<�����	��
 �� ��� !"=$ ���� ����� ���� ����������� �� �
������� ��
�� ���� ���� �� �������� ��� ��������� �
�����
���  ������'� �� �������� �� ����� ��������� 	�������� 2���
���������� ��� �������� �� 	
 <�����	��
 ��� ;��>��� ���
�������� �� �
������������ �� ��������� ���� ���� /�����
���
 ���� ����0 ��� ������ ��� ��� �� �������� ��� 	�
�
������ �� ����� ��������� 	������� �� ��� ���� ���� ���
������
��� ����� �������� ���� �� ���� ��������� !")$�
<�����	��
 ��� ;��>��'� �
������������ �� ���� �� �����


�� ����� �� ��������� ��� �����
 �� ����� �� ������������ ���
������ �� 	� ����������� �� ��� &�����' /�������
 ��������0
�������� ������ ��������� ����� ��  ������� 7�� ��������
������� �� !")$ �� ���� �� ���� ��� ������ �� 	���� �� ��

�� ��� ����� 	��
 �� �
������ ���� �� �
�������1�����������
���������� �� ���������� ���� ����� /���� �� !*$0 ����� ����
����� .
�� ������ �� ����� �� ������� 2�� ������� ����
���� �� ���� ���� 	�� ������ ����� ��������
� ���� ��� ����
�������� ���� �� ��������� �� ����� ���
 ��� ���������� ��
��%����� ���� ���� ������� �� ��� ����������� 6������� ���
�������� �� � .
����� �	9��� !*$� ��� �
������ ������ �� ���
������ ���� ��� ���� �
�� �� ���� �� 	� ��.���� �� �� ��� ��
��� ���� �� �����
���� � ����������� ������������ �� ���� �� ���� � ���

���� �� ��������� �� ����	��� �� ��� ?������ �������
 �� �
��� ���� � ������ ������ 2���� �� � ������� ���� �� ����
��������� �� ����� ������� ���� ���� ������� �� ������� 6��
������ ���� �� <�����	��
 ��� ;��>��'� �
������ ��� ��
����������� ������� �� ���� ���� ��� ?������ �������
 ����
	� �
������� �������� ��� @�
��� -����� ��� A����
'� ������
�� ��	�� ����� �� .� ��� 	��� !"B$�
4� ��� ������� ���� �� � ��������������� ������

�������� ��� ?������ �������
 ���� ���
 	� �
�������
������������ 2�� ���� ������	�� ���� ���� .����
 ���� ���
������� ������������ �������� �� ���� ��� ����� ��.������

�#��� 	�� ���� � ������� ������	 �
 ���"��� ��
� ����������� �����
�	�!$ ������	� 	�� 	��� ��	���
��	 �� �	 �������
 ���������
 �
 �����
���������	 �	� ��	�� ���	��	� 
�� �%��
��	�� 
����� �
 
�� ��	�����
&'(�

�� ������ ����������� �������
 ����� 	�� ��� �������
 ����
��������� ������� �� ������ ����� ������� � �����	�� �����
������� ��������� ��� ��� ���� �� .
����� ��������� ������	��
�� !")$� �� ���� � �������� ��������������� ��� �����	������
������ �� ��� .��� ��������� ������ �� ���
 �������� ��� �
������ ������� ��	��� �� ��� ����� ���������� 	
 <�����	��

��� ;��>���

� �������

�

��� �����
����� ����������

��� � ������� ��.������ �� ��� ������ �� ����������� ����
������	
 �	��
��� ��� ����������� ���������	
 ��������
��� +���� ��� ,�	�����'� ����� !("$� 3���:
� � �����������
�������
 �� � �������� �������
 �
���� ���� ��� ������ �����
��� � ���� ���
 	� � ������� �� ���� �� ��� ��� �����	���
���������
� 2��� �� � 5 � � � ��� � 5 �� � �� �� �
����������� �������
 � ���� ��� ��� ������� ���������
���� � � ���

� � � C ���
� ����

� � ��
� ���
� � ��

�

� � � C ���
� ���
� ���

� ����

� � ��
�

��� ��� ��������
 ������
�� ��������
 ����� � ��� ��� ���� �� ��� ������ �� �

/���0�������� �������
� � ��� ��� �
�����
 �� ����� �� ����
��� �� �� 	 ��� ��� ������� ������������

� 5 � ��� �

� 5 �� � � �

	 5 /���0� 
 � �� /� � 
0

 ������� ����� �� ���� ��������� �������� ��� /�
�����
���0 /���0�������� ���������� !("$� �� ���� ������
 ����� ���
���������� �������������

���
����
 ���� 6 �������� � 5 �� � �� � �����������
�������
 � �� �����	
 �� ��� ��� � 5 �� � �� �� � � ��� C ����
4� �� ����� ��� �� � ��� � �� �������� ���� �� ��
 ����	����
����
 ����� ���� 2�� ������ �/�0 �� � ����������� �������

� �� ��� �������� ��	�������
 �� � ���� ��� ���� �	9����
	�� ���
 ��� ������� ����������

2�� ��������� ������� �/�0 � � �� � ������� �������
�
����	9���� ����������� ������� /��� �
������� �� � ��0� 4�
���� ������ ���� +���� �� ���������� ��� �������� ��� ������
����� ���� ��� ����	���� ����� �� ���� �� ������ �� �
������
������ �� ������� 2��� ��� ��� �� ���������� �� ��� ���������
����� ��� ��� � ������� � 5 � � � ���� � �����.�� /�
��
������0 �������� ��	�������
 �� � /�
�������0 �����������
� D � ������� ������� �/�0� �� ���� ������� �� ������
��� �
���������� ��	�������
 �� ������� ���������� /��� ���
 ���
����� � ���� ��� ���� ���� �� 	� ��������� 	�� �� �� ���
�������� ���� ���������
 �����0 �� ���� � � 5 � � � ��
�	��� � ������� ���������	
 �	��
���� 	�� ����� ���� �� ���
��������� ������ �� ������
 ���� ��� &�������'� 4� ���� ����
��
�� 	
 �����	
 ��������� �� ����� ���� ��� ��������� ��
� � 7�� ������ ����� �� � �� � �������
 �� �	
��� ��� � ��
� �������
 �� �����	�
��%������ ������	������ 6� ���������
������� ���� �� ��� ���������5

���
����
 ���� 6 ����� �	��
��� !(($ �� �����.�� 	
 �
��������� �������
 � � � �
������� ����������� �������

� ��� �� �������
�����	9���� ������ �
������� �����������
������� � 5 � � � �

(

13



E��� ���� ��������� �� ��� �����.�� ������ �� � ���
�
�������
 ��� &����' ��� �����
 �� ��� ����� �� �������
��� ���� ��	�����
 �%������ ������������� 	�� ���� �� 	����
���
�	�� ��� ��������	���

������� ���� 4� 
 �� � ������ ����� �� � �
�������
�������� �������
 � � ���� ��� ?������ �������
 � � �� �
��
������ ����������� ��� ��� ��������� ������� ���� � �� � �

�� ������ �
������� ������������ 2��� �� ��� ���� ���� � ��
���������� �� ���� � ���
� �������
� 4� ��� ����� �� ����
��������� ���� � � �� �
������� �������� ��� � 5 � � � �

�� ������ �
������� ���������

��� ������ �
� ������
��

2�� ������ �� ������ �������� �������
 ��� ���������� ��
!"B$� 2�� ��� �� ������ �� ��������� ��������� �� �����������
��������� ��� ��� ������������ 	������ ������ ��� .
������
���� ��������� ���� ��������� �� ������ 
����� 	��������
����  �������'� ������ !""$� ����������� �
������������� ��
.
����� ��������� ���� 	��� �
��������
 �������� ��� !*� "F�
B$ ��� �
�����D � �����������
 ����� ��� ���������� �������
������� �� !(B$�

���
����
 �� � 6 ��	�� �� � �
������� �������� �������

/� � �� �� �� �� 	� �0 �� � �����
 �� ���������

������ 5 � /� � ��� � �0� � /�� �0

������
��� ��� ��������� ����������

� E��������
 �� � /<��� 2���������0�
4� � 5 �� � � � � � � � � 5 �� �� ����

������//� � �0D �0 C �D �������/�0 5 �� �

� E��������
 �� � /,���� 2���������0�
4� � 5 �� � � �� � � � � 5 �� � � ����

������/� D /� � �00 C �������/�0D � 5 �� �

� G����������
 /-������0�
4� � 5 �� � � � � � � � 5 � � � ����

������/� D /� � �00 C ������//�� �0D �0 5 �� �

� 6����� /A��������0� 4� � 5 �� � ����

��	���/�D � D �
��0 C � 5 �� �

��� �� � 5 �� /� � � 0� � � /� � � 0 ����

�������� /�0 C ������/��
�
������� /	D � D	

��00

� -����������� 4� � 5 �� � � � � � ����

���
���
��/	D
 � � D	��0
C 
 � ������/�0 5 
 ��� 
 ��

� H������� ��� ��� � � ������/����0 C � 5 � � � �

�������� ���������� ������� � ������ 	���� ��� ���������
�	��� ���
 �� ��� ��������� &	�
�� ��� �����' ���������
���� �� �������� �������� 2�� ����� �
���� ��� ���������
����������
 �� ������ "� ������ �� �� ��� �������� ��� ������
��������� �� ���� �������� �����

���
����
 ��!� 6 �	�	��������� ������� ����	��� �� �
��������� �������
 � �� � �����
 �� ���������

/�0� 5 � /� � ���0� � /�� �0

������
���

� E��������
� 4� � 5 � � � � � ��� � 5 �� � ����

�D �� C //� � �0D �0� 5 �� �

� ��
�� ����� �������
� 4� � 5 �� � � � ����

��� ���D � C �
� 5 �� �

2�� �	��� ��.������ �� ������ ����� �����	������ .
�
����� ��������� �
������
 ������
 ����� ����������� �����������

���
����
 ��"� 6 ����	� ����	��� �� � ����������I�� .
�
����� �������� ����� �����������
 �����.��

� +���������I�� G����������
� 4� � 5 � � � � � ���
� 5 �� � � � ����

��� /���� ��D �0
��D � C /���� ��D �0

� 5 �� �

� G������� +������
� 4� � 5 �� � � � � � ����

//��J0D �0� C /��0� 5 �� �

+���������I�� �����������
 �� �����
 ���� �� ����
 ���
����������I�� .
�� ����� �������
 ���� �� ���� ��������
���������� �� �������� �� ��Æ����� �� ����������I� ��� �����
.
�� ����� �������� �������
 !(K$� �����
 ��������� ������

������� ����� ������ ����������� ��������� ��� &3���L� �����
���
'� ����� ������ ������������ .
�� ������ �� 	� �������
�� ���������� �����
2���� ��� ���� ������� &���������
' ���������� ����� �

.
����� �������� ��
 ���� !(B$� 	�� �� ����� ��� ��������
����� �� ��� ������� ������
6� ��������� ������� �	��� ������ ��� .
������ �� ���

���������� ����� �� ��� /������������
0 ��  ������� ��� ��
 
����� ������ ��� ��������� ���	��������� ������� ��� 	���
�	������ ������� �� � �������
 ��%����� �����
� !K� )$5

�#����� ��� $%�����&�' %(��
�)� �� 
��� 	 ��	�� �� 	
�	�����	� �	��
��� � �� �� 
��� 	 ����	� ����	��� �� � �

 ������ �
� ������
� *�������� �
 �����
�����
����������

-�� ���� �� �� ����������� �������������� �� ��� ������� ��
����� ��� .
����� �������� �� ��� ����������� ����8 ��
���� ��.������� ����� ���� ������ ���� ������ �������� ���
�������� ���� ��� �������� �������� �� ������� ����� ��� ����
�� � �������������� �� 2������ (�"�

 �� +(������� �����
����� ������

�� ����� 	
 ��
��� �� ���������� ��� ��.������ �� ����� �� �
������� �
������� ����������� �������
 � 5 � � � � 6��
������ ���� �� ��� ���������� �� G�.������ (�K ��� �
�������
�� ����� �� ��������� ��	�����
 ��������� /�� ����� ����
��'� ��������
 ���� �� ���
����� ����0� �� ������ �����

����� ��� ��.������ ���������5

K

14



left tightening

=

right tightening

=

vanishing

=

=

yanking

=

sliding

=

superposing

=

������ "5 2���� 6
����

����������
  �,��� � ��������� ���������	
 �	��
���
���� 	 ��	�� 	� ������ ��  �������� !�" �� 	���	

�
������	
�

2�� ��
 ���� �� ��� ����� �� ��� �������� +���������� ����
��� -������ �
��� �� ������� ��� ������%���� �� ��� ������
�������� 2��� �	��������� ��������� ��� ��������� ��.������5

���
����
  ��� 6 ��	�� �� � ������� �
������� ����
�������� �������
 � 5 � � � �� �� � �����
 �� ���������

������ 5 �/� � ��� � �0� �/�� �0

������
��� ��� ���� ���������� ����� �� G�.������ (�K ������
���� ��� -������ �
��� �� �������� 	


� +���������� -������� 4� � 5 � � � � � � � ��� ��
� 5 � � � �� � ������� �������� ����

������/� D /� � �00 C ������//�� �0D �0 5 �� �

��� �� ������ ��� ������� �����������

� ������ +������������ 4� � 5 � � � � � � � �� �������
���� �� �� ������ � 5 �� ��

������
� �� � 5 � � � ��� � ����������� ����� �� � � ���
����������� �� ���� ����� �� � �� � ����� �������� �� ��� ����
�������� ����� �� G�.������ (�K� 4� ����������� G�.������ K�"
�����
 �� � �������������� �� G�.������ (�K�
,�������� ��� ����� �� �������� ��� ������������� ������

� �� ������
 � ������ �� �����5 �� ������ �� ���� ��� �����
����� ����	����� ;��� ������� ��� ��������� �� �� ����� ���

�� ��� ���� ��� ����� ��������� �/�05

����������
  �,��� #� � 5 �� � � � � � �� �� �/�0 	��
� 5 
 � � ���� � � ������/�0 C � � ������/�0�

4� ����� ���� 	� �������� ���� ��� ����������� �������
��������� ������� �������� ��
�������� ����� �� ��������
���� �� ������ ���� ��� �� � ��� �� 	� ��������  ������� �
������ ����������� ����� ���� ��� �
������� ���� �� � ������
������5

����������
  �,� � ������ � 5 �� � � � � � �� �����	

	�� � 5 � � � $ ���� ������//���0D �0 C ��

�
���/� D���0�

 �� +(������� �����
����� ������
��

�� ��� ���� �� ������������ ��� ������ �� .
����� ��������
�� ��� ����������� ����� -���� ���� �� ��� �
���� �������
����������� ��� ����������� �� ���� ������ ���� �� ��� �����
��� �� � ���
� �������
 � 5 � � � � �� ���� ��� J� ��� ��� ���
���� �� ��������� �������� ��� ��� ������� �� ��� �����������
���������� ���� � �� � /���� �� ����� ���� �� �0� 2�� �����
���� ��� �� �� ��	������ ������ �� ������
 ��� ����� �� �����
��� ���������� ��� ��������� 	�� �� ����� ���
 ��� �� ��
��� ���� ��� �� ��� ���� �� ��������

���
����
  ��� 6 �	�	��������� ������� ����	��� �� �
���
� �������
 � 5 � � � �� � �����
 �� ���������

/�0� 5 � /� � ���0� �/�� �0

����� �����.��

� ������ +������������ 4� � 5 �� � � � �� ������� ����
�� �� �� 5 �� � �

B

15



� E��������
� 4� � 5 � � � � � ��� � 5 �� � ����

�D �� C //� � �0D �0� 5 �� �

� ������� ��
�� +���� +������
� 4� � 5 � � � � � ��
�������� ����

��� ���D � C �� 5 �� �

@��� �� �� ��� ��������� ����� ���� �� ��� 	��� �������
��� ����� ������� �� � .
����� ��������� �� ��� ���������� ��
������ �������� ����������� ��� ������� ��� ��������� �� ��
����������� �������������� �� �����
 ��������� �� ���������
����������5

���
����
  � � 6 ����������I�� .
����� �������� /�0� ��
� ���
� �������
 �� � ����	� ����	��� �� �� �����.�� ���
��������� ����������5

"� %	�	

�
 %�������� 4� � 5 ��� � � ��� � 5 ��� � �
���� ��� �� � ��� � ������� ����

/�� � � � D � � �0� C �
� � �

� 5 ��� � � � �

(� &�������
 %�������� 4� � 5 ��� � ��� ��� � 5 � �

 ����

/���� ���D � D ���0
� C /���� ���D �0

�D ��� 5 �� 
��

K�  �	
��	
 %�������� 4� � 5 �� � � � � � ����

//��J0D �0� C /��0� 5 �� �

2�� �
���� �� � ����������� �����
 �������� ��� �����
����������
 �� ������ K�(� ����� �� ������ @�%��
 !"K$ ��
����� � ����
 ���� �� �������� ��� ���������� �� �%���� �� �
/��� ���� ���� ���� ������� ����� 	�
�� �������� �� ���������
������� ���������0� 2�� �������� �������
 �� ����������
 ���
���� �� �� ��� ��������� ����� 	�� ��� �������� ��� ���������
���������� ��� ���� ��������
2���� �� � ������� ��������I����� �� ��� �����������
 ����

������ �� ���
� ����������5

���
����
  �!� 6 ����������I�� .
����� �������� /�0� ��
� ���
� �������
 �����.�� �	�	��������� �����	
 ���	���	
���
��� ����� � 5 �� � � � ��� � 5 �� � � � ���� � �������

/���� ��D �0
� C ��� /���� ��D �0

��D �

6� �� ��� ��������� ����� ����������I�� ������� �������
�����
 ������
 ������� ��� ������� .
�� ����� �������
� 3��
�� ��� ���� �� ���
� ����������� ��� �����������
 ���������
���� ��� ���� ��Æ����� /����� ���� ��� �������� �������
0
�� ����	���� ��� ����������� 	������ ������ ��� �����
 ���
�������� ����� �� ���� ��������� ��� �������� ��� ���������
�
����� 2���� �� ����
 �����������
� �������5

����������
  �,�!� � ����	� ����	��� �� 	 ����� �	���

��� �	������ �	�	��������� �����	
 ���	���	
����

������������ ��� ��.������ �� � �����
 �������� �� �
���
� �������
 ���� ���������� ��� �������� ���5

����������
  �,�"�  �������� "�" �� �'���	
��� ��  �����
���� !�( �� ��� �	�� ��	� ��� �	��
��� �� �	�����	��

 � -�����
� ������
�� �
� ������ �
 ���(� ����.
������

�� ��� ���� ��� ���� ������5 �� � ���
� �������
� �� ����
� ����������� ����� �� ���������� �� ������ � �����������
�����
 ���������

�#�����  ��� )�� � 5 � � � *� 	 ����� �	��
��� ���� ��	�
� �� ��	���$ 	� ��  �������� "�+� ���� ��� ����	����

/�0� 5 �/� � ���0� �/�� �0

������ *�$ ��� � 5 �� � � � ,

�� C ������ /� D J0

�� 	 ����	� ����	��� �� ��� ����� ��  �������� "�"�

-�����  ���  ������� ��� ���� ����� � ������������ ���
� .
����� �������� ���� � ����� �� ��� ������� ���� �� ���
?������ �������
 �� � ����������� ������ ����� �� � ������
���� �������
 /� ���� �� ����� ��� ����������� ���������
�� ��������0 !""� 2������ *�(�"$�  ������� ����������� ���
������������ �� ���� ������� ���� ���� ��� ��������
 ���� ���
���� .
����� ���������  �������'� ������������ ���� ���
��9������� �� �� ��������� ��
 ��� ������� ������%�����

�#�����  ��� )�� � 5 � � � *� 	 ����� �	��
��� �����
� �	� 	 ����	� ����	��� /�0� 	� ������ ��  �������� "�"�
���� ��� ����	����

������/�0 5 �/� � ��� � �0� �/�� �0

������ *�$ ��� � 5 �� � � � � �

������/�0 C /���� ���D �0
�D�� 5 �� �

�� 	 ���������	
 ��	�� �� ��� ����� ��  �������� "�+�

����������
  ����� ��� ������������� �� ��	�� ���� ����
�	� ����	��� 	�� �� ����	� ����	��� ���� ��	�� 
���� ��
�������� "�! 	�� "�+ ����������
� 	�� ����	

� ��������

2��� �� ���� ��������� �� ����	������� � �����������
��������I����� �� 2������ (�"�

-�����  ��� -������� ���� � .
����� ��������� ����� ��
������� ��������� ��� ��� ��.������ �� � ������ ��I

���/�0 C ��� /� D��0
��D � D �� 5 �� �

����� � 5 ��� � ��� � 4� � �� �������� ���� �� ��� ����
�� ��� ������������ ���� �� 2������ K�(� 	�� �� ��� �������
����������� ���� ���
 ��� ��%������ ��� ��� ���� ��� ����
�� ���� ������ �����������

! ��������

!�� /�
����

<�� � 	� � ������ �
������� �������� �������
 �� �� G���
������� (�K ��� /��� 5 � � � � �� � 5 � � �0 	� �
������ �� � � <�� � 	� ��� ?������ �������
 �� ��� �����

� C� �� �� � � �� �/�� �0 C � /�� � ��0� 2��� ���
������ �� � ����� �� ���� � 5 � � � �� � ������� �
�������
����������� �������
 /�� �� �������� �%� �� � �����������
������0�

)

16



centre preservation

=

naturality

=

central fixed point property

=

parallel property

=
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Process algebras are prototype specification languages for reactive systems.
These languages usually consist of a collection of operators to build new pro-
cesses from existing ones, and of facilities for the description of recursive be-
haviours, e.g., terms of the form µx. t to denote some distinguished solution of
the equation x = t. Alternatively, one may use variations on the Kleene star
operation—first introduced in [4]—to define iterative processes in a purely alge-
braic syntax. The latter approach has been advocated by Bergstra, Bethke and
Ponse in [1, 2], and subsequently followed by several authors, notably Fokkink
and his co-workers.

My aim in this talk will be to present a survey of some of the results that
I have contributed with Wan Fokkink and Anna Ingólfsdóttir to the study of
semantic theories of process algebras incorporating variations on the Kleene star
operation. In particular, I shall focus on variations on the language of Basic
Process Algebra [3] with the original binary Kleene star. Starting from basic
principles, I shall review results, both of a positive and a negative nature, on
the equational axiomatization of behavioural equivalences over variations on
this language, and mention some small, but hopefully interesting, results on the
expressive power of variations on the binary Kleene star modulo bisimulation
equivalence [5]—the prime example in the menagerie of behavioural equivalences
between reactive systems that have been considered in the literature.
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1 Introduction

Multiple-valued logics [2] provide an interesting alterna-
tive to classical boolean logic for modeling and reasoning
about systems. By allowing additional truth values, they
support the explicit modeling of uncertainty and disagree-
ment.
In order to do temporal reasoning over multiple-valued

systems, we must extend a classical temporal logic to
the multiple-valued case. For instance, the branching-
time temporal logic CTL is a fragment of the modal �-
calculus [5]: it has conjunction, disjunction, negation, two
next-time operators, weak (EX) and strong (AX) [4], and
several additional temporal operators described as least or
greatest fixpoints. For example, the property���, “even-
tually � may become true”, is the least fixpoint:

��� � ��� �� � ������

and ���, “� holds everywhere”, is the greatest fixpoint:

��� � ����� � ������

The necessary conditions for finite-time convergence of
fixpoint computations are the finiteness of the state-space,
the finiteness of the set of state valuations, and the mono-
tone increasing property of �� and ��.
The intuitive idea of the weak next-time operator ���

is “there exists a successor state where � holds”. If �
is the (finite) state-space, and � the system’s transition
relation, then for any state �:

�������� � ��� � � � ����	 ��� � ������

The sense of ���, however, involves causation: “if there
is a transition to state ��, then � holds there”, and is de-
fined using implication:

�������� � ��� � � � ����	 ���� ������

In this work, we focus on possible multiple-valued gen-
eralizations of ��. We begin with a review of multiple-
valued model-checking, described in greater detail else-
where [3]. We choose to use finite sets of truth values,
in order to guarantee finite-time convergence of fixpoints.
Following that, we state the conditions for implication op-
erators which both correspond to intuition, and allow a
monotone increasing �� to be defined, which is needed
to prove the existence of fixpoints. As an example, we
choose three implications for a particular multiple-valued
logic, and discuss the relationships between them, and
with ��. Finally we show a structural condition on both
multiple-valued models and implications that allows us to
guarantee that�� is stronger than ��, while still permit-
ting flexibility in modelling partial systems.

2 Background

Let � be a finite set of logic values, partially ordered
by truth degree. We use sets of truth values that have
the structure of a De Morgan algebra [6] ��			
	�	��:
a distributive lattice with an antimonotonic and involute
negation operator �: if 
 	 �, then �� 	 �
, and

 � ��
. The least element of the lattice is denoted

, and the highest element�. Figure 1(a) shows the truth
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(a)

F

M

T

(b)

� ��
T F
M M
F T

Figure 1: (a) Lattice for 3-valued logic, and (b) table for
its De Morgan negation.

ordering for a 3-valued logic, and Figure 1(b) defines the
De Morgan negation. Here �=T and 
=F.
A 
Kripke structure [3] is a tuple ��	 ��	 �	 �	 �	 ��

where:

1. � is a finite state space, �� an initial state;
2. � � ��			
	�	�� is a De Morgan algebra;
3. � 	 � � � � � is a (valued) transition relation, as-
signing degrees of truth to transitions between states;

4. � is a finite set of state variables;
5. � 	 � ��� � is the interpretation function assign-
ing values to variables in states.

Some examples of 
Kripke structures are shown in Fig-
ure 2. The form of � is constrained to ensure that states
have successors. In classical Kripke structures, this total-
ity condition is formalized as �� � ��� � ���	 ���. There
are three possible ways to generalize this condition for

Kripke structures:

�� � ��� � ���	 ��� � � (strong totality)
�� � �

�
���� ���	 �

��� � � (join totality)
�� � ��� � ���	 ��� �� 
 (weak totality)

All of these definitions collapse to ordinary totality in the
classical case; and in the three-valued case, strong total-
ity and join totality coincide. For example, the 
Kripke
structures of Figure 2 satisfy weak totality, but not strong.
A temporal logic formula is interpreted in a given


Kripke structure as a map � � �. For � � �, and
formulas � and �, some of the connectives are defined as
follows:

���� � ���	 ��

�� � ����� � ���� 
 ����

�������� �
�
��������	 �

�� � �����

For example,��� in state � of Figure 2(b) is computed as
����	 ��
����������	 ��
����� � �


���

�� �

 � � � 
. The other connectives are defined similarly,
and fixpoints have the standard definition.

(a)

s

u
M

� � �

(b)

s

t

u

M

M

� � �

� � �

Figure 2: Example multiple-valued Kripke structures.

3 Multi-Valued Implications

A common approach to defining implication for multiple-
valued logics is through residuation of a monoid opera-
tion on the logic values [1]. We take a simpler approach:
defining the criteria for an implication, and then exploring
the space of candidates for applicability.
We propose the following criteria for a useful implica-

tion operator�, for all 
	 �	 � � �:

�
 � 
� � � (vacuity)
if 
 	 � then �� � 
� 	 �� � �� (monotonicity)
�� � 
� 	 
 (sub-identity))
�� � �� � �	 �
 � �� � � (reduction to classical)
�
 � 
� � �	 �� � 
� � 


The reason for the vacuity condition is as follows: sup-
pose, for some state � � �, ��� has a computed value.
Now we adjoin some new state � to �, with no transition
from � to � (���	 �� � 
). The value of ��� in � should
not change!
Monotonicity guarantees that ��, as defined using�,

is also monotonic, which is required for the existence of
a fixpoint. The sub-identity rule formalizes the intuition
that the statement� � 
 indicates that “under any condi-
tions, 
 holds”, and it does not make sense for this expres-
sion to be anymore true than the truth value of 
. Finally,
we want the implication to behave classically when only
classical truth-values are used, since if we define a system
using only � and 
 as values, then analysis should yield
the same results as classical model-checking.
Under these conditions, a 3-valued logic yields 33 pos-

sible implication operators, so we restrict our attention to
three: material implication, defined as 
�� � � �
��;
Gödel implication, where 
 �� � � � if 
 	 �, and �

2
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�� T M F
T T M F
M T M M
F T T T

�� T M F
T T M F
M T T F
F T T T

�� T M F
T T M F
M T T M
F T T T

Figure 3: Material (�� ), Gödel (��), and Łukasiewicz
(��) implication tables for the 3-valued logic of Figure 1.

otherwise; and Łukasiewicz implication, which is defined
on an �-valued, totally ordered logic by mapping truth
values into the fractions ���. The tables for these impli-
cations are shown in Figure 3.

4 Strong Next-time Operators

In this section, we define three different �� operators
using multi-valued implications, and give some of their
properties. We also discuss the ordering between these
operators: for one operator to be stronger than another
corresponds to the intuitive notion that it is a more con-
servative definition of “in all next states”.
For an implication operator�, we define a strong next-

time operator as follows:

�������� �
����

����	 ���� ������

Using the three implication operators, we define three
next-time operators, ��� , ���, and ���. Since the
monotonicity rule holds for all three implications, the��
operators are monotonic as well:

Proposition 1 If � 	 �, then ���� 	 ����, for � �
��	�	��.

Any ordering between implication operations is inher-
ited by the �� operators defined using them:

Proposition 2 For any ��	�	 	���	��	 , with
�	� � ��	�	��, and any formula �:

�� �
	 � � �
�� �� 	 �
�	 �� 
��� ���� 	 ��	�

By inspection, it is easy to see that the following relation-
ship holds:

���� ����� � ���� (1)

In general, for �-valued logics, Equation 1 does not
hold; a simple counterexample in the 5-valued totally-
ordered logic can be found.

5 Relationships Between Next-time
Operators

We are interested in how �� relates to ��, and also to
its dual ����. Under strong totality, ��� 	 ���; un-
der weak totality, this ordering does not necessarily hold.
In the 3-valued case, join totality is equivalent to strong
totality, but whether join totality guarantees the correct
ordering remains an open question in the general case.
We state the result for strong totality more formally:

Proposition 3 For all states �, if strong totality holds,
then ��� 	 ���.

Proof:
By strong totality, for any state �, there is � � � � such that
���� ��� � �. Then:

�������� � ����� ���� ������ � �����

by sub-identity. In turn:

����� � ���� ��� � ����� � ���

and thus the desired property holds:

Looking at the proof of Proposition 3, we can see that
a weaker condition is possible. In order to define this in a
simple manner, we need to state that if our next-time op-
erators are correctly ordered in all propositional variables
� and their negations ��, then they are also correctly or-
dered for any temporal logic formula:

Lemma 1 Let �� and �� be monotonic operators. If,
for all � � �, ��� 	 ���, and ���� 	 ����, then:

��� 	 ���

for all temporal logic formulas �.
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We can also define a weaker condition ensuring
��� 	 ���. We call this condition sufficient totality,
and it is defined relative to the �� operator being used.

Theorem 1 If for all � � �, and � � �:

��	 � � � � ���	 ��� ���� 	 ���	 �� 
 ����

with � �� �, and

��	 � � � ����	 ��� ����� 	 ���	 �� 
 �����

then ��� 	 ��� in all states.

Proof:
Direct, and by Lemma 1.
In Figure 2(a), we have a 
Kripke structure which is

only weakly total. It is sufficiently total for ���, but not
for either of the other strong next-times: here ��� � �
and ���� � ���� � 
. In this case, our analysis
seems to say that, on the one hand, there is no transition
to a state where � holds; but, on the other hand, maybe
� holds in any next state! By contrast, the structure in
Figure 2(b) is sufficiently total for all three �� opera-
tors. In this case, ���� � ���� � ��� � 
, and
���� � �.
We conclude with observations about the connec-

tion between ���� and �� operators. By definition,
���� � �����, and thus:

Proposition 4 ���� is stronger than ���:

����� 	 ����

and incomparable with ���.

We might say that ��� is the most “optimistic” strong
next-time operator.

6 Summary and Future Work

This work reports on our first investigations of the space
of strong next-time operators for multiple-valued tempo-
ral logic. We have stated axioms for implications that can
be used to define an �� operator, and discussed the rela-
tionships among candidate operations and their relation-
ship to ��. Finally, we have given a weaker totality con-
dition for 
Kripke structures which is parameterized in
the choice of ��.

In the future, we plan to generalize this work to any
(finite) multiple-valued logic, and discover more general
relationships between classes of multiple-valued implica-
tions, and thus between the �� operators they define. As
well, we hope to find applications in verification for the
different�� operators, and incorporate them into our ver-
ification framework [3].
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Abstract

If A is a context-free language over a two-letter alphabet, then the set of
all words obtained by sorting words in A and the set of all permutations of
words in A are context-free. This is false over alphabets of three or more
letters. Thus these problems illustrate a difference in behavior between two-
and three-letter alphabets.

The following problem appeared on a recent exam at Cornell:

Let � be a finite alphabet with a fixed total ordering on the letters.
For a string x � ��, let sort x be the string obtained by sorting
the letters in increasing order. For example, if a � b � c, then
sort abacbaa � aaaabbc. ForA � ��, let sortA � fsortx j x � Ag.
Of the following three statements, two are false and one is true. Give
counterexamples for the two false ones and a proof of the true one.

(i) If A is regular, then so is sort A.

(ii) If A is context-free, then so is sortA.

(iii) If A is context-sensitive, then so is sort A.

One might also ask the same questions about perm A, the set of all permutations
of words in A.

Of course, it is (i) and (ii) that are false, since

sort �abc�� � perm �abc�� � a�b�c� � fanbncn j n � �g�

Interestingly, (ii) is true for both sort and perm over a two-letter alphabet. This is
quite surprising: whereas a two-letter alphabet is exponentially more succinct than
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a one-letter alphabet, one does not normally think of a break in behavior between
two- and three-letter alphabets. In many applications, three letters (or for that
matter any fixed finite number of letters) can be coded into two with only a linear
loss of efficiency. Not so, apparently, in this case.

In this short note we give an elementary proof of these facts. The proof for
sort is a fairly straightforward construction relying on Parikh’s theorem and Pilling
normal form, but the proof for perm is somewhat more involved, requiring a bit of
linear algebra over integer lattices.

Let � � fa�� � � � � adg, and let � � �� � Nd be the Parikh map

��x�
def
� ��a��x�� � � � ��ad�x���

where �a�x� is the number of a’s in x. Define

��A�
def
� f��x� j x � Ag

perm A
def
� ������A��

sort A
def
� perm A � a�� � � � a

�
d �

Theorem 1 For d � �, if A is a context-free language, then so are perm A and
sort A.

This is trivial for d � 	 and false for d � 
. The interesting case is d � �.

Lemma 1 It suffices to prove Theorem 1 forA regular. When manipulating regular
expressions, we can also use the commutativity axiom xy � yx.

Proof. This is a consequence of Parikh’s theorem (the commutative image of
any context-free language is the commutative image of some regular set), observing
that the definitions of perm A and sort A depend only on the commutative image
��A� of A. �

Lemma 2 It suffices to prove Theorem 1 for A of the form xy�� � � � y
�
k , where

x� y�� � � � � yk � ��.

Proof. Under commutativity, every regular expression is equivalent to a sum of
expressions of this form. This is known as Pilling normal form (see [1]). �

Here is a direct construction for sort A. This result will also follow from the
result for permA by intersecting with a�b�, but the proof for permA is somewhat
harder.

2
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Without loss of generality, assume A is of the form of Lemma 2. Let m �

�a�x�, n � �b�x�, mi � �a�yi�, and ni � �b�yi�, 	 � i � k. A context-free
grammar for sort A is

S � amT�b
n

Ti � amiTib
ni j Ti��� 	 � i � k 	 	

Tk � amkTkb
nk j ��

For permA, we will need to use some linear algebra on integer lattices.

Lemma 3 Let y�� � � � � yn be nontrivial. The following are equivalent:

(i) ��y��� � � � � ��yn� are linearly dependent over Q .

(ii) ��y��� � � � � ��yn� are linearly dependent over Z.

(iii) There exists a partition of y�� � � � � yn into two nonempty disjoint sets y�� � � � � yk
and yk��� � � � � yn (renumbering if necessary) and coefficients ai � N , 	 �
i � n, such that not all ai � �, 	 � i � k, not all ai � �, k � 	 � i � n,
and
Qk

i�� y
ai
i �

Qn
i�k�� y

ai
i .

The property in (iii) regarding the vanishing of the coefficients follows from the
observation that we cannot have

Qk
i�� y

ai
i � 	 with ai � N unless all ai � �.

The following lemma gives a stronger version of Pilling normal form.

Lemma 4 (Conway [1, Theorem 2, p. 92]) Any regular subset of Nd can be writ-
ten as a sum of terms of the form xy�� � � � y

�
n with ��y��� � � � � ��yn� linearly inde-

pendent over Q .

Proof. Suppose ��y��� � � � � ��yn� are linearly dependent. Let
Qk

i�� y
ai
i �Qn

i�k�� y
ai
i with ai � N, 	 � i � n, not all a�� � � � � ak � � and not all

ak��� � � � � an � �. Using the Kleene algebra identities

y� � �

n��X
i��

yi��yn��

x�� � � � x
�
n � �x� � � � xn�

��
kX

i��

Y
��j�k

j ��i

x�j �

(the second one requires commutativity), rewrite y�� � � � y
�
k as ��y

a�
� �� � � � �yak

k
��,

where

� �

kY
i��

ai��X
j��

y
j
i �

3

46



and then �ya�� �� � � � �yakk �� as

�ya�� � � � yakk ���

kX
i��

�i��

where

�i �
Y
j ��i

�y
aj
j ��� 	 � i � k�

Note � contains no starred terms, so it can be expressed as a finite sum of products
of the yi. Then y�� � � � y

�
n can be written as a sum of terms of the form

u�ya�� � � � yakk ���iy
�
k�� � � � y

�
n �

Now we can replace
Qk

i�� y
ai
i with

Qn
i�k�� y

ai
i to get

u�y
ak��
k�� � � � y

an
n ���iy

�
k�� � � � y

�
n �

Since this is contained in y�� � � � y
�
n , we have u � y�� � � � y

�
n , thus

u�y
ak��
k�� � � � y

an
n ���iy

�
k�� � � � y

�
n � u��iy

�
k�� � � � y

�
n �

where

��i �
Y
j ��i

y�j � 	 � i � k�

Thus the original term xy�� � � � y
�
n can be written as a sum of terms of the same

form but with one fewer starred yi.
We can continue decreasing the number of starred terms inductively until the

yi are linearly independent. �

By this lemma, to prove Theorem 1 for the case permA, it suffices to consider
A of the form xu� or xu�v�, where ��u� and ��v� are linearly independent. Note
that the dimension is at most two since we are over a two-letter alphabet. We
can get rid of the x without loss of generality by jxj applications of the following
lemma:

Lemma 5 Let a � �. If A is context-free, then so is fxay j xy � Ag. It follows
that if perm A is context-free, then so is perm aA, since perm aA � fxay j xy �
perm Ag.

4
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Proof. Consider a Chomsky normal form grammar for perm A. For every
nonterminal X , add a new nonterminal Xa, which is meant to generate all the
strings thatX generates but with an extra a somewhere. For every production X �
Y Z , add the productions Xa � YaZ j Y Za. For every production X � b, add
the productions Xa � ba j ab. For every production X � �, add the production
Xa � a. The new start symbol is Sa, where S was the old start symbol. �

Now we show that perm u�v� is context-free. (We leave the easier case,
perm u�, as an exercise for the interested reader.) Suppose �a�u� � u�,�b�u� �

u�,�a�v� � v�,�a�v� � v�; thus ��u� � �u�� u�� and ��v� � �v�� v��. Arrange
��u� and ��v� in a �
 � matrix

A
def
�

�
u� v�
u� v�

�

with positive determinant � � u�v� 	 u�v� � �. (The sign of the determinant is
determined by the orientation of u and v; exchange if necessary to make it positive.)
The adjoint (pseudo-inverse) of A is

A� def
�

�
v� 	v�

	u� u�

�

and satisfies the property

AA� � A�A �

�
� �

� �

�
�

Now we give a nondeterministic one-way automaton with an integer counter
accepting perm u�v�. The machine actually keeps three counters, c�� c�� c�, but
the counters c� and c� hold only finitely many values and can be stored in the finite
control. The counter c� holds an integer. We can simulate this with a pushdown
automaton with a single-letter stack, keeping the sign in the finite control.

The automaton starts in the state c� � c� � c� � � and takes the following
actions on each input symbol: on input a,

c� �� �c� � v�� mod �

c� �� c� 	 u�

c� �� min�c� � 	� v��

and on input b,

c� �� �c� 	 v�� mod �

c� �� c� � u��

5
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In addition, it may nondeterministically choose to take the following reset step
whenever c� � v� without reading an input symbol.

c� �� c� 	�

c� �� ��

Thus after scanning a prefix y of the input string,

c� � �v��a�y�	 v��b�y�� mod �

c� � 	u��a�y� � u��b�y�	�q�
(1)

where q is the number of resets that have occurred, and c� contains the number of
a’s seen since the last reset, up to a maximum of v�. The automaton accepts if
c� � c� � �.

Now we show that the automaton accepts perm u�v�. For s� t � Z�, note that
As � t iff A�t � �s. Applying this with s � �p� q� and t � ��a�x���b�x��, we
have

�a�x� � u�p� v�q

�b�x� � u�p� v�q
(2)

iff

v��a�x�	 v��b�x� � �p

	u��a�x� � u��b�x� � �q�
(3)

This implies that the following are equivalent:

(i) x � perm u�v�

(ii) there exist p� q � N such that x � perm upvq

(iii) there exist p� q � N satisfying either of the equivalent conditions (2) or (3).

Now suppose x � perm u�v� and condition (iii) holds with p� q � N . Let
the automaton choose to perform the reset step at its earliest opportunity while
scanning x (i.e., as soon as the counter c� reaches v�), but only q times. It has the
opportunity to perform a reset at least q times, since by (2), �a�x� � v�q. By (1),
the final values of c� and c� are

�v��a�x�	 v��b�x�� mod � � �

	u��a�x� � u��b�x�	�q � ��

respectively, so the machine accepts.
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Conversely, suppose the machine accepts. Let q be the number of times the
reset occurred. By (1), there exists p � Z such that (3) holds, and we need only
show that p � �. Since the reset occurred q times, we have �a�x� � v�q. Then

u�v�p � �p� u�v�p

� v��a�x�	 v��b�x� � u�v�p

� v�v�q 	 v��u�p� v�q� � u�v�p

� ��

But u�v� � �� u�v� � �, therefore p � �.
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Abstract

Domain mu-calculus. Propositional domain logic (a.k.a. Abramsky logic),
based on the view of types as topological spaces, properties as open sets, and
computational processes as points (Smyth 83), provides a smooth integration
among three relatively independent approaches to programming semantics: op-
erational, denotational, and axiomatic. In addition to proof systems for higher-
order strict-analysis and concurrent processes, it has also been adapted to rea-
soning about imperative parallel programs (Brookes 86, Zhang 91). The beauty
of this approach is that one can pass from the denotation of a computational
process to its properties, with harmony guaranteed by Stone-style-duality. More-
over, higher-order objects are treated exactly the same way as first-order objects.

The domain µ-calculus (Zhang 91) is a natural least fixed-point extension
of propositional domain logic. This extension is a necessary step to increase the
expressive power of propositional domain logic, since propositional formulas rep-
resent compact Scott open sets only. The domain logic consists of three syntactic
categories: a language of types, a language of formulas, together with equational
proof rules indexed over the types. In the domain µ-calculus, every closed type
expression determines a canonical domain, and hence a topological space of Scott
open sets. The semantics of a µ-formula is a fixed Scott open set of the corre-
sponding domain (some standard restrictions are necessary for function space
to work properly). The equational proof system is intended to capture the con-
tainment of Scott open sets; it uses Park’s rules (Park 81) for least fixed-point
induction at each closed type. It is said to be sound and complete if “theorems”
of the form ϕ ≤ ψ coincide with their semantic counterparts [[ϕ]] ⊆ [[ψ]]. It is
important to note that for each closed type there is a corresponding µ-calculus;
therefore, by “domain µ-calculus” we refer to a spectrum of µ-calculi which may
or may not share the same properties, such as completeness and decidability.

Modal mu-calculus and domain mu-calculus. Many properties of hardware
and software systems can be expressed concisely in the propositional modal µ-
calculus (Kozen 83). The modal µ-calculus has attracted a great deal of attention
in the last decade. Although decidability and finite-model properties have been
established early on, the difficult completeness problem was settled only recently
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(Walukiewicz 00). Classification of expressive power of the µ-calculus has been
obtained (Bradfield 98), establishing the strictness of the alternation hierarchy
based on rather sophisticated results of definability (Lubarsky 93).

Domain µ-calculus and modal µ-calculus share at least two common ideas.
One is that they are intended to capture infinitary behavior of a system. The
other is that fixed-point formulas serve as a uniform way to approximate ideal
infinitary properties in the end. However, what domain µ-calculus provides that
modal µ-calculus does not is the integration of types, higher-order objects, and
denotational semantics and program logics, all in the same framework. This
offers a uniform and yet highly flexible set of logical tools.

While much progress has been made for the modal mu-calculus, not much
is known about the domain mu-calculus. The following table provides a picture
of the situation. It also gives an indication that reducing domain µ-calculus to
modal µ-calculus may be hard, if not impossible, due to the lack of finite-model
property for the domain µ-calculus. (The reason boils down to the fact that
Scott open sets are not necessarily compact.)

Modal µ-calculus Domain µ-calculus
“fragment” means restriction on formulas restriction on types

finite model property yes no
decidability yes open
completeness yes open
duality results yes open

Main results. The main idea of this work is to establish a relationship between
domain logic and automata theory in order to gain insights into decidability
properties of the domain µ-calculus. The idea may work in two directions. If a
(type) fragment of µ-formulas can be encoded as a class of formal languages,
and this class of formal languages is decidable, then the domain µ-calculus is
decidable (for emptiness, containment). If, on the other hand, an undecidable
class of formal languages (such as context-free languages) can be emdeded as
µ-formulas of a specific type, then the µ-calculus for that type (and any type
more expressive than it) is undecidable. The results reported here are of the first
kind. We show that (here + is for coalesced-sum, and × is for smash-product)

1. the domain µ-calculus for N = 1⊥ +N , the domain of natural numbers, is
decidable. It is equivalent in expressive power to Presburger arithmetic.

2. the domain µ-calculus for P = Σ⊥ + Σ⊥ × P is decidable, where Σ is a
non-empty, finite set, and Σ⊥ the corresponding flat domain. It is equivalent
in expressive power to regular languages not containing the empty string.

3. the domain µ-calculus for Q = Σ⊥ + (Σ⊥ × Q × Σ⊥) is decidable. It is
equivalent in expressive power to even linear languages which do not contain
the empty string.

Automata theory and domain mu-calculus. The expressiveness result for
natural numbers has been given in (Zhang 91). For the second type, consider
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P = {0, 1}⊥ + {0, 1}⊥ × P , to be specific. We first show that each ∧-free µ-
formula can be encoded as a regular expression over {0, 1} as illustrated by the
following table, assuming some standard notational conventions.

µ-Formula Regular expression
0× 1 ∨ 1× 0 01 + 10
µx.(0 ∨ 0× x) 0+

µx.(0 ∨ 1) ∨ (0 ∨ 1)× x (0 + 1)+

Since regular languages are closed under intersection, we know that every µ-
formula can be encoded as a regular language. The interpretation of µ-formulas
ensures that [[ψ]] ⊆ [[ϕ]] if and only if set containment in the corresponding regular
languages holds. Therefore, entailment of the form [[ψ]] ⊆ [[ϕ]] is decidable, by
the classical result of Rabin and Scott.

The situation with respect to Q = Σ⊥ + (Σ⊥ ×Q×Σ⊥) is more intriguing.
A simple-minded analysis shows that the µ-formulas here should be encoded
as the standard linear grammars (which determine linear languages). However,
containment between linear languages is undecidable, by a text-book style re-
duction of PCP (Post’s Correspondence Problem) to it. Our solution involves (a
rediscovery of) the so-called even linear grammars of Amar and Putzolu (64, 65).
An even linear grammar is a context-free grammar, each production of which
is of the form A → w with w ∈ Σ?, or A → w1Bw2, with w1, w2 ∈ Σ? and
w1, w2 being of equal length. The class of languages determined by even linear
grammars strictly contains the class of regular languages (e.g. {anbcn | n ≥ 1}).
However, containment of even linear languages is decidable, by a technique sim-
ilar to Nerode’s right-invariant relation. For each L ⊆ Σ∗ and x, y ∈ Σ∗, define
xEL y if for each a, b ∈ Σ, axb ∈ L iff ayb ∈ L. The equivalence relation EL has
finitely many equivalence classes exactly when L is an even linear language. The
fact that even linear languages form a Kleene algebra with respect to a non-
standard monoidal product and the fact that they are closed under set union
and intersection hold the remaining missing pieces for this reduction to work.

Concluding remarks. One can use a notion of proportional linear grammar to
provide decidability results for a larger fragment of domain µ-calculus, with small
variations on the type definitions. Our results so far remain somewhat limited,
although similar ideas and techniques may work for a bigger segment. Reduction
to tree languages of certain kind seems to be a plausible way to perhaps com-
pletely resolve the decidability issue. However, we feel that the current restricted
sense of achievement is due in large part to the inherent combinatorial nature
of the problem. It suffices to note that the restricted star-height problem had
been open for more than two decades, and the generalized star-height problem
remains open even today. Completeness issues are expected to be harder.

For related work, connections between fixed-point logics and languages have
been explored by many researchers in various contexts in the past. The special
character of our work is that it brings the notions of types and topology into the
picture, enriching the interplay among logic, topology, and languages.
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The aim of the paper is to present a study of definability properties of fixed
points of effective operators on abstract structures without the equality test,
in particular, on the real numbers. The question of definability of fixed points
of Σ-operators on abstract structures with equality was first studied in [1, 3,
2]. One of the most fundamental theorems in the area is Gandy theorem which
states that the least fixed point of any positive Σ-operator is Σ-definable. This
theorem allows us to treat recursive definitions using Σ-formulas. It turns out
that in some cases it is natural to consider languages without equality, for ex-
ample, in computable analysis [4, 5, 10]. Indeed, in all effective approaches to
exact real number computation via concrete representations, the equality test is
undecidable. This is not surprising, because infinite amount of information must
be checked in order to decide that two given numbers are equal.

Until now there have been no Gandy-type theorem for such structures. We
prove that Gandy theorem holds for abstract structures without the equality
test.

The concept of Σ-definability is closely related to the generalised computabil-
ity over abstract structures [1, 3, 9, 11], in particular over the real numbers [7, 8,
11].

Notions of Σ-definable sets or relations on abstract structures generalise those
of computable enumerable sets of natural numbers, and play leading role in the
specification theory that is used in the higher order computation theory over ab-
stract structures. Considering an abstract structure A without the equality test,
we investigate properties of Σ-operators defined on the set of subsets of An. Let
us consider an arbitrary structure U = (A, σ), where σ is a finite language with-
out equality. Clearly, very little computability theory can be developed within a
completely arbitrary structure U .

In order to do any kind of computation or computability theory one has to
work within a structure rich enough for information to be coded and stored.
For this purpose we extend the structure U by the set of hereditarily finite
sets HF(A). Note that such extensions of structures with equality are rather well
studied in the theory of admissible sets [1] and used in the theory of abstract state
machines [6]. We will construct the set of hereditarily finite sets over structures
� Basic Research in Computer Science (www.brics.dk),

funded by the Danish National Research Foundation.
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without equality. The hereditarily finite sets permit us to define the natural
numbers, and to code and store information via formulas.

We construct the set of hereditarily finite sets, HF(A), as follows:

1. S0(A) ⇀↽ A, Sn+1(A) ⇀↽ Pω(Sn(A)) ∪ Sn(A), where n ∈ ω and for every
set B, Pω(B) is the set of all finite subsets of B.

2. HF(A) =
⋃

n∈ω Sn(A).

We define HF(A) as the following structure:

HF(A) ⇀↽
〈
HF(A), A, σ, ∅HF(A),∈HF(A)

〉
,

where the constant ∅ stands for the empty set and the binary predicate sym-
bol ∈HF(M) has the set-theoretic interpretation.

The notions of terms and atomic formulas can be introduced in the standard
manner.

The set of ∆0-formulas is the closure of the set of atomic formulas un-
der ∧,∨,¬, and bounded quantifiers (∃x ∈ s), (∀x ∈ s), where (∃x ∈ s) ϕ de-
notes ∃x(x ∈ s ∧ ϕ) and (∀x ∈ s) ϕ denotes ∀x(x ∈ s → ϕ).

The set of Σ-formulas is the closure of the set of ∆0 formulas under ∧,∨,
(∃x ∈ s), (∀x ∈ s) , and ∃.

Definition 1. A set B ⊆ An is Σ-definable , if there exists a Σ-formula Φ(x)
such that x ∈ B ↔ HF(A) |= Φ(x).

Let Φ(x, P ) be a Σ-formula, where the arity of the new predicate symbol P
coincides with the length of x, P occurs positively in Φ and x ranges over An.

We think of Φ as defining a positive Σ-operator Γ : P(An) → P(An) given
by

Γ (S) = {x| (HF(A), S) |= Φ(x, P )}.
Theorem 1. Let us consider a structure A in a finite language without the
equality test. Then the least fixed-point of any positive Σ-operator is Σ-definable.

Let us note, that if we consider the real numbers in the language of strictly
ordered rings then Gandy theorem can be used to derive Σ-definability of the
truth of Σ-sentences and to obtain a universal Σ-relation. It leads to a topological
characterisation of Σ-relations on IR.

Corollary 1. Let IR be the real numbers in the language of strictly ordering
rings. The sets B ⊆ IR that are Σ-definable in HF(IR) are exactly the effective
unions of open semialgebraic sets.
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Abstract

We report on work whose overall aim is to obtain a template fixed point algorithm that
can be used to compare existing algorithms such as work-set algorithms, top-down solvers,
local solvers etc. for calculating solutions of monotone systems of equations over lattices.
The approach taken here is to focus on the dependency graph between the variables of
the system and exploit this graph to schedule the iteration of the system. The resulting
iteration scheme reduces the number of expressions to be re-evaluated both in theory and
in practice (up to 50 % in certain cases).

1 Introduction

Data flow analysis usually involves a phase of fixed point computation whose algorithmics is
largely independent of the particular property analysed for [4, 9]. This has lead to the search
for generic fixed point algorithms that can serve as “back ends” in program analyzers. A
common feature of these algorithms is a dependency relation that describes how the value
of one variable depends on the value of another variable. However, the algorithms are often
expressed in a manner that makes it difficult to compare how the dependency relation is
exploited. The aim of the work reported here is

1. to make clear how the dependency relation can be exploited to implement and optimise
a fixed point computation,

2. to provide a framework (in the form of a template algorithm plus accompanying data
structures) that enables a comparative study of iteration-based fixed point algorithms.

The paper is organised as follows. After introducing the basic notation we define a theoretical
iteration scheme (Section 3) based on the notion of minimal elements of a dependency relation.
The theoretical algorithm defines an ideal iteration scheme but is defined in terms of an
exact dependency relation which makes it unfeasible in practice. Section 4 shows how to
calculate a safe approximation to the exact dependency relation based on a syntactic notion
of dependency. This leads to a basic iteration scheme for which we then present benchmarks
comparing it with other iteration schemes in terms of space, time and number of iterations.
Section 6 draws some conclusions and outlines further issues to be investigated.

∗This work was partially supported by the IST FET/Open project “Secsafe”.
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Figure 1: A toy dependency graph and domain

2 Notation

In this section we briefly define the notation to be used in the paper. For a much more
comprehensive introduction to fixed points, see the recent textbook by Arnold and Niwinski
[1]. In the following, i, j range over the integers 1, . . . , n. Let E1, . . . , En be finite lattices and
let ei be an expression satisfying that all free variables in ei are included in {f1, . . . , fn}, that
ei defines a monotone function in all variables, and that evaluating ei in an environment φ
satisfying φ(fj) ∈ Ej yields a value in Ei. We write ei φ for the value of ei in environment φ.
A solution to a system of equations of the form

{f1 = e1, . . . , fn = en}

can be characterised as a fixed point of the function

e : (E1 × . . . × En) → (E1 × . . . × En)

induced by the ei and defined by eφ = (e1 φ, . . . , en φ) The least solution to the system of
equations can be found as the limit of the ascending Kleene chain (AKC)

{e i(⊥E1 , . . . ,⊥En)}∞i=0 (1)

We do not put any restrictions on the type of the expressions ei. In particular, these expres-
sions can denote functions.

Example 1 (A toy example) We will use as a running example the following equation
system

B = incr(A)
C = max(B,A)
A = C

where the variable domain is as in Figure 1 and incr is the mapping {⊥ �→ •, • �→ �,� �→ �}.
The syntactic dependency graph (to be defined in Section 4 of this equation system is as in
Figure 1. Figure 2 shows the AKC for this example.

2
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Figure 2: The AKC for Example 1: 21 evaluations

3 Scheduling for an ideal fixed point algorithm

A somewhat less näıve method for calculating the limit of an AKC consists in iterating all
equations in order (the round-robin algorithm). However, this is still an inefficient approach
and is in general only feasible for the simplest dataflow problems [7]. The inefficiency stems
from the possibility that an equation may be iterated even though the value of its defining
expression will not change. This may happen either because there have been no changes in
the variables occurring in the expression or because these changes do not have any impact on
its value. Thus, only expressions that are guaranteed to change value should be re-evaluated
during an iteration. This set of equations depends on the current approximation φ and is
given by

Wφ = {fi | φi �= ei φ}
Not all equations in Wφ should necessarily be scheduled for iteration. If the value of fi depends
on the value of fj then it is usually wasted effort to re-evaluate fi before having found the
new value of fj. The only exception to this is when fi and fj are mutually dependent. The
dynamic dependency relation is defined relative to the current values of variables φ by

fj
φ→ fi ≡ ei φ � ei φ[fj �→ ej φ].

The notation “fj
φ→ fi” should be read as “fi depends on fj under the valuation φ”.

3.1 Minimality

The equations in Wφ that should be iterated can now be characterised as the minimal elements
of Wφ with respect to the dynamic dependency relation. We define for a set S ⊆ {1, . . . , n}
and relation → its set of “minimal” elements as follows:

min(S,→) ≡ {j ∈ S : if ∃i ∈ S.i →+ j then j →+ i}.
where →+ is the transitive closure of →.

The notion of minimality corresponds to the intuitive notion of minimality when there
are no cycles in the graph induced by →. However, in case of a cycle in S, all elements of the
cycle will belong to the min-set. In that case, Algorithm 1 can be further improved by only
iterating one (arbitrarily chosen) element from each cycle. We leave it as an open problem to

3
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� {A} {A}

� ∅ ∅

Figure 3: Trace of the ideal algorithm (Example 1): 6 evaluations

find a better definition of minimality that takes cycles into account—perhaps as an iterative
definition starting from elements without predecessors.

3.2 Theoretical algorithm

The above considerations lead to the following iterative algorithm for calculating the limit of
the sequence (1).

Algorithm 1

forall i ∈ {1, . . . , n}φi := ⊥;
repeat

I := min(Wφ,
φ→);

forall i ∈ I
φi := ei φ ;

until I = ∅

Theorem 3.1 Algorithm 1 terminates with φ a fixed point of e

Proof: If I = ∅ implies that Wφ = ∅ and hence, by definition of Wφ, we have φ = e(φ). �

This algorithm is mainly of theoretical interest since it is in general not possible to calculate
Wφ and φ→ exactly without evaluating the defining expression of each equation and thus
no work is saved. Hence approximations of these entities are needed to obtain practical
algorithms.

Figure 3 shows the trace of the ideal algorithm applied to the toy example from Figure 1.
We assume that every time a set of variables is selected for evaluation (I in the sequel) the
corresponding expressions are evaluated in parallel.

4
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Figure 4: Trace of the workset algorithm (Example 1): 11 evaluations

4 Scheduling for work-set algorithms

A common approach to calculating the limit of an AKC is to employ a work-set algorithm
[8] that keeps a work-set W of equations to be iterated next. The algorithm continues to
select a set of equations from the work-set for iteration according to some strategy and adds
elements that are liable to have changed value to the work-set after each such iteration. The
process ends when the work-set is empty. The following is a template work-set algorithm,
parameterised on the strategies for selecting the next equation to iterate and for modifying
the work-set.

Algorithm 2 (The template work-set algorithm)

forall i ∈ {1, . . . , n} φi, τi := ⊥;
W := initW ;
repeat

I := strategy(φ,W );
forall i ∈ I

τi := ei φ ;
W := modify(W,φ, τ);
φ := τ ;

until I = ∅

The näıve method mentioned above is obtained by always keeping the whole set of equa-
tions in the work-set W and using a strategy that after evaluation of equation i selects
equation i + 1 mod n. The theoretical iteration algorithm is obtained by setting

strategy(φ,W ) = min(Wφ,
φ→),

replacing τ with φ and removing the last two assignments to W and φ since these no longer
play any rôle in the algorithm.

A standard approximation, dating back at least to Kildall [8], of the set Wφ of equations
that will change value amounts to replacing it with the set of equations in which a variable
has changed value [8]. More precisely, the system of equations defines a syntactic dependency

5
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Figure 5: Trace of the basic algorithm (Example 1): 10 evaluations

relation, denoted by →, between the variables: variable fi depends on variable fj if fj occurs
in the expression ei:

fj → fi ≡ fj occurs textually in ei.

From the → relation we define the “image-under-→” operation !

I! ≡ {j | ∃i ∈ I : fi → fj}
that yields the set of indices of the equations containing an xi with i ∈ I. This is used to
define “modify”, as shown in Algorithm 3 below. Figure 4 shows the trace of applying a
work-set algorithm to the toy example from Figure 1.

The set I! over-estimates the set of variables that change value as a result of changes in the
fi, and it is this set that is added to the work-set after each iteration. As noticed in Section 3,
it is possible that there are dependencies between the elements in a set I! of equations to
be iterated and only the minimal elements (with respect to →) are scheduled for evaluation.
Instantiating the work-set algorithm above, we arrive at the basic iteration scheme:

Algorithm 3 (Basic iteration scheme)

forall i ∈ {1, . . . , n}φi, τi := ⊥;
W := {1, . . . , n}
repeat

I := min(W,→); % strategy
forall i ∈ I

τi := ei φ;
W := (W \ I) ∪ {i ∈ I : φi �= τi}! % modify
φ := τ ;

until I = ∅
Proposition 4.1 If Wφ ⊆ W holds on entry to the loop then it also holds on exit.

Theorem 4.2 Algorithm 3 terminates with a fixed point of e

Proof: Since Wφ ⊆ W trivially holds initially, it also holds when the algorithm terminates.
Then I = ∅ implies W = ∅ hence Wφ = ∅ which implies that φ is a fixed point. �
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In Figure 5 we show the trace of the basic iteration scheme applied to the example from
Figure 1.

5 Experiments

The Basic Iteration Scheme has been used to implement a series of program analyses rang-
ing from pointer analysis of C programs [6] over polyhedral analysis of synchronous signal
programs [2] to class analysis of Java programs. We here report some experimental figures
to show that the number of equations evaluated in the different iteration schemes do indeed
decrease as we exploit the dependency relation better. For each program analysed we give
the number of equations evaluated with the three different iteration schemes presented in the
paper.

Analysis No. of eqns. Naive Workset Basic
C pointer analysis 42 eqs 1050 120 60
Java class analysis 49 eqs 147 75 44
Java class analysis 188 eqs 1692 272 158

As can be seen from the table, the basic algorithm obtained a 40–50 % reduction in the
number of expressions that were evaluated during iteration, compared to a standard work-set
algorithm. The impact of avoiding superfluous evaluations on the overall running time varies
with the type of analysis. We observed significant savings only for the C pointer analysis. This
is due to the fact that the expression in the C pointer analysis are all rather complex matrix
manipulations whereas the expressions in the Java class analysis are simple set manipulations.
Another point is that the computation of the transitive dependency relation is in itself costly.
No attempt has been made to optimise this part of the computation, so for the moment the
Basic Iteration Scheme only improves the overall running time of the C pointer analysis.

6 Conclusions

The Basic Iteration Scheme (BIS) constitutes a simple algorithm for implementing a fixed
point solver. It relies on the dependency relation between variables to improve the stan-
dard work-set algorithm by only scheduling variables that do not depend on other variables
ready for evaluation. This theoretical improvement in the number of expressions to evaluate
manifests itself in practical experiemnts. There are further related issues that we have not
addressed here:

• The BIS exploits the dependency relation → to avoid certain useless re-evaluations of
expressions and has been used to implement several program analyzers. The practical
experiments reported in Section 5 show that the overhead incurred by calculating the
sets min(W,→) in certain cases exceeds the savings obtained. Thus, it is necessary to
experiment with cheaper approximations to these sets.

• The top-down solvers [3, 5] will suspend evaluation of an expression if some of its
variables need re-evaluation, and instead schedule these variables for evaluation. The
top-down solvers use an evaluation stack combined with cycle detection to implement
this. We obtain an effect similar to this by calculating the min(W,→)-sets, by which
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we suspend evaluation of a variable if it depends on other variables that migt evolve. A
precise comparison between the two algorithms is challenging future work.

Finally, we remark that in certain cases, we are only interested in the value of some of the
variables in the system of equations. An algorithm for calculating such a local fixed point was
given in [10]. This algorithm can be expressed quite naturally as an extension to the BIS. We
will show this extension in a longer version of the paper.
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